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Abstract
This paper addresses a route guidance problem for finding the most eco-reliable path in time-
variant and stochastic networks such that travelers can arrive at the destination with the maximum
on-time probability while meeting vehicle emission standards imposed by government regulators. To
characterize the dynamics and randomness of transportation networks, the link travel times and
emissions are assumed to be time-variant random variables correlated over the entire network. A 0-1
integer mathematical programming model is formulated to minimize the probability of late arrival by
simultaneously considering the least expected emission constraint. Using the Lagrangian relaxation
approach, the primal model is relaxed into a dualized model which is further decomposed into two
simple sub-problems. A sub-gradient method is developed to reduce gaps between upper and lower
bounds. Three sets of numerical experiments are tested to demonstrate the efficiency and performance
of our proposed model and algorithm.
Keywords: Eco-reliable Path Finding; Vehicle Emission; Time-variant and Stochastic Network;
Lagrangian Relaxation Approach
1 Introduction
1.1 Motivation
Nowadays, the negative impact of automobiles on energy consumption, land use, noise and greenhouse
gas (GHG) emissions, is still a significant topic in the transportation fields (see Kno¨rr [18]). Among
various pollutant emissions, GHG emissions and carbon dioxide (CO2) are of particular concerns to the
environment and the people’s health. The international council on clean transportation pointed out that
the transport sector is responsible for about one-quarter of energy-related GHG emissions worldwide,
among which passenger vehicles account for nearly half of this total emissions, and are predicated to
remain the predominant source of these emissions for the foreseeable future. According to technical
summary in climate change 2014 (Edenhofer et al. [7]), the global transport sector accounts for 27%
of total energy consumption and 6.7 GtCO2 direct emissions in 2010. The baseline CO2 emissions in
transport sector is projected to increase to 9.3-12 GtCO2/year in 2050. Due to the large size of global
vehicle fleet and its high rate of growth, CO2 emissions produced by passenger vehicles will remain one
of the greatest challenges for the governments.
∗E-mail address: lxyang@bjtu.edu.cn (L. Yang)
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To reduce CO2 emissions in the transport field, public authorities have mandated a variety of effec-
tive policies in different areas nowadays. For instance, in Beijing city, the government has adopted the
odd-and-even license plate driving rule to further reduce individual trips and their emissions efficiently
because of the serious haze. Also, in the United States, the Department of Energy’s Advanced Re-
search Projects Agency-Energy (ARPA-E) (see https://arpa-e.energy.gov/?q=arpa-e-programs/nextcar)
program has supported a number of high-profile projects for its Next-Generation Energy Technologies
for Connected and Autonomous On-Road Vehicles (NEXTCAR), in which intelligent eco-routing is a
key component to use extensive data analytics to assign routes for minimizing energy consumption.
Meanwhile, in the European Union, under the Framework Programme 7 (see http://www.reduction-
project.eu/), a number of collaborative research projects, such as REDUCTION, were designed for re-
ducing environmental footprint based on eco-routing and driver behavior adaptation. Additionally, in real
life, travelers are more likely to rely on navigation systems to capture real-time road conditions and find
their appropriate paths with route guidance. Thus, on the level of management, if the government would
like to impose constraints on eco-routing, it is typically convenient and practical for public authorities
to manage individual trips. With the aforementioned various backgrounds with respect to eco-routing
applications, this study intends to offer ecological and effective route guidance strategies to policy makers
with eco-reliable path choice methods.
1.2 Literature Review
A variety of theoretical researches about CO2 reductions have been conducted, and mandatory policies
have been implemented up to now. For example, Xu and Lin [36] used vector autoregressive model to
analyze the influencing factors for CO2 emissions in Chinese transport sector, and concluded that energy
efficiency plays a dominant role in reducing CO2 emissions. Walmsley et al. [34] applied the modified
carbon emissions pinch analysis method to investigating the feasibility of several proposed regulatory
solutions on emission reductions of the New Zealand government. Since the European emission trading
system (EU ETS) covers an increasing amount of overall European CO2 emissions except the transport
sector’s, Heinrichs et al. [15] utilised a model-based approach including an electricity system model (i.e.,
package for emission reduction strategies in energy use and supply in Europe) and a road transport model
(i.e., CO2 emission mitigation in the transport sector) to enlarge the EU ETS, which can reduce the overall
CO2 emissions and make mitigation efforts in road transport field. From the mid-twentieth century, the
government regulations, such as tailpipe emission standards and breakthrough technologies (e.g., the
three-way catalytic converter), have made significant achievements in the reductions in passenger vehicle
emissions. Hao et al. [16] analysed the impacts of the recent pollution mitigation policies in China and
concluded that fuel consumption regulations played an essential role in effectively offsetting the impacts
of vehicle pollution. The first emission standards for passenger vehicles was established by California in
the 1960s, which was soon followed by the rest of the United States, Japan and Europe. According to
Hu et al. (see [14]), imposition of strict emission standards is adopted by the governments to reduce
emissions. For example, the regulations on CO2 emissions set up by the environmental protection agency
(EPA) of the United States require all new passenger vehicles’ CO2 emissions to be reduced from 268
gram per mile (gpm) in 2012 to 225 gpm in 2016. In Europe, the CO2 emission standards are even more
aggressive, requiring all light-duty vehicles introduced after 2012 to emit 120 gram per kilometer or less.
However, from travelers’ point of view, these emission standards only regulate the average CO2 emissions
of per unit driving distance for new vehicles, which are not specifically related to individual trips.
Practically, the CO2 emissions have close relationships to different factors. For instance, Palmer [29]
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carried out an in-depth study by integrating routing and emissions model for freight vehicles and demon-
strated the significant role of vehicle speed in CO2 reductions. Rilett and Benedek [30] showed that
vehicle emissions do not change monotonically with travel speed, and the conflict between this two as-
pects may exist. Usually, the lowest CO2 emissions rate is found to be at speed around 55 − 60 miles
per hour (see, e.g. http://www.mpgforspeed.com), while travel times in some circumstances are not
minimal at these speeds. Thus, a trade-off should be made between these two factors in order to find
a green and efficient path for travelers. Studies by Tzeng and Chen [33], Aziz and Ukkusuri [2] and
Yin and Lawphongpanich [42] showed that a compromise can be made between travel time and emission
in formulating a multi-objective optimization model. In Bektas and Laporte [5] and Li et al. [19], the
travel times and emissions were translated into monetary cost. However, the resulted optimal paths
are very sensitive to the cost parameters used. Additionally, the CO2 emission is also closely related
to the fuel consumption. For instance, Akcelik et al. [1], Simpson [31] and Barth et al. [4] proposed
different methods, i.e., the aaSIDRA (signalised intersection design and research aid) and aaMOTION,
the parametric analytical model of vehicle energy consumption and the comprehensive modal emission
model, respectively, to identify the relationship between fuel consumption and emission rates. Li et al.
[20] formulated a model of CO2 emission to test the most cost-effective fuel option.
From the above analyses, it is clear that the CO2 emission is not only related to management policies,
but also related to activities of vehicles on the microcosmic level (above all the route choice of different
vehicles). In individual trips, a variety of pre-trip guidance systems (e.g., navigation system) are often
used to identify the real-time road conditions, and then to generate a set of available path information.
To reduce the CO2 emissions in the vehicle trip, many researchers developed different approaches to find
the green paths. For instance, Bektas and Laporte [5] extended the traditional vehicle routing problem
with an objective to reduce CO2 emissions and developed a pollution routing problem. Erdogan and
Miller-Hooks [6] considered a fleet of vehicles and the limited refueling infrastructure, and formulated a
green vehicle routing problem to reduce fossil-fuel usage. Ehmke et al. [9] minimized the time-dependent
emissions in vehicle routing problems in urban areas. Zhou et al. [44] integrated a simplified emission
estimation model and mesoscopic dynamic traffic simulator to efficiently evaluate emission impacts of
traffic management strategies. Zeng et al. [45] predicted the vehicle CO2 emissions and determined an
eco-friendly path which satisfies the minimum CO2 emissions and travel time budget simultaneously.
Typically, if the emission constraints can be imposed on the path finding process in the navigation
systems, the CO2 emission about passenger vehicles can be effectively reduced through providing drivers
with low-carbon route guidance. To our knowledge, the existing researches do not specifically consider
both the dynamics and randomness of the travel time and emissions in the path finding problems. In the
literature, for the path-finding process in time-variant and stochastic networks, many optimal strategies
related to travel time have been proposed with various evaluation indices, such as the least expected
travel time (Miller-Hooks [24]; Wang et al. [35]; Yang and Zhou [38], Yang et al. [41]), the probability of
on-time arrival (Fan et al. [11]; Nie and Wu [27]; Samaranayake et al. [32]), the minimum possible travel
time (Nielsen [26]), etc. Among them, the least expected travel time method has been widely applied in
route-finding studies. For example, Miller-Hooks [24] used a priori least-expected time path and a set
of strategies to improve routing decisions. Yang and Zhou [38] adopted a Lagrangian relaxation-based
solution algorithm to reformulate and solve the least expected time path model. Furthermore, Wang et
al. [35] investigated a priori least expected time paths in fuzzy and time-variant transportation networks.
Nielsen [26] considered route choice problems in stochastic and time-dependent networks, and employed
the minimizing expected travel time and cost as the given criteria. As for the reliable path finding, Fan
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et al. [11] proposed a new concept to maximize the probability of on-time arrival whose arrival time is
on time or earlier, while Samaranayake et al. [32] presented a new optimality criterion to minimize the
probability of arriving on time at a destination given a departure time and a time budget. Nie and Wu
[27] considered on-time arrival probability with first-order stochastic dominance and a label-correcting
algorithm. As for the low emission/energy efficiency based space-time paths for multiple trains, interested
readers can refer to Huang et al. [17] and Yin et al. [42].
1.3 Contributions of This Study
With the above analyses, we can see that (1) very few studies take both random and dynamic char-
acteristics into consideration during the green path finding process; (2) no research has been found to
consider both the reliability and low-emission in evaluating the generated paths. With these concerns,
this paper aims to find an eco-reliable path in time-variant and stochastic networks to offer a routing
guidance for travelers within emission standards of government regulators. The proposed approaches
can be expected to provide effective pathing finding strategies for reducing the CO2 emissions on the
vehicle-operation-based levels. Specifically, the main contributions of this study can be summarized as
follows:
(1) To characterize the dynamics and randomness of the network, we consider two types of time-
variant link weights, i.e., link travel times and link emissions. In detail, link emissions are closely related
to average link speed where the quadratic functions of emission-speed relationship can be derived from
MOVES (Motor vehicle emission simulator). A sample-based representation method is used to capture
the randomness, in which each sample corresponds to time-variant link travel time and link emission data
over the entire network through considering the correlation of randomness. This kind of representation
typically can include the real-world detected data into the decision-making processes.
(2) We formulate an linear integer programming model to generate the eco-reliable paths, in which
the objective function is the on-time arrival probability corresponding to different space-time paths. A
physical path which has the largest chance of ecology and reliability is termed as the eco-reliable path. To
show the emission limit, a threshold is particularly given to formulate the emission constraints. That is,
it is required that the expected emission is less than vehicle emission standards (i.e., the given threshold)
imposed by government regulators.
(3) Finally, the Lagrangian relaxation approach is introduced to relax the primal model into a relaxed
model by dualizing hard constraints. The dualized model is further decomposed into two types of sub-
problems (i.e., a standard shortest path problem and a simple univariant linear problem) and a constant,
which can be solved by the label correcting algorithm, a simple single-value linear programming and the
given Lagrangian multipliers, respectively. The sub-gradient method is developed to obtain the tight gap
between lower and upper bounds. The optimal solutions provide an effective guidance for travelers with
low-carbon emission concerns.
To explain the merits of our research clearly, we further make a comparative summary of our paper in
Table 1 through comparing with several closely related references.
[place Table 1 about here]
The rest of this paper is organized as follows. Section 2 gives a detailed description of the eco-
reliable path model in time-variant and stochastic networks. The definition of the most eco-reliable
path and the 0-1 integer programming model are further proposed. In Section 3, we decompose the
0-1 integer programming model by the Lagrangian relaxation approach through introducing a series of
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Lagrangian multipliers. Three sets of numerical experiments are implemented in Section 4 to demonstrate
the efficiency and performance of our proposed model and algorithms. At last, a conclusion of this paper
is made in Section 5.
2 Problem Statement
This section aims to give a detailed statement for the problem of interest, including the structure of
involved space-time networks, input data representation, evaluation index, and mathematical formulation.
2.1 Structure of Time-variant and Stochastic Networks
The eco-reliable path finding problem is defined in a directed, well-connected transportation network
G = (M,N), in which M and N represent the sets of nodes and traffic links, respectively. To effectively
reflect the dynamic characteristics of transportation networks, the time horizon is first divided into a
set of discrete timestamps, denoted by T = {t0, t0 + δ, t0 + 2δ, ..., t0 + Kδ}, where δ is assumed to be
the duration of the short time interval during which no perceptible changes of travel times happen in
the considered transportation network, and K is a sufficiently large positive integer to ensure that the
time period from t0 to t0 +Kδ covers the entire operating time. In routing process, one is required to
start from the origin at time t0 and arrive at his/her destination at some timestamp in time interval
[t0, t0 + Kδ]. A time threshold is also given to specify the on-time arrival timestamp in the network,
denoted by Tˆ . That is, the on-time arrival means that a traveler arrives at the destination before the
time Tˆ . In practice, this time threshold can be set by considering traveler’s expected arrival time.
Besides dynamics, another key characteristic in the urban transportation network is the randomness.
For instance, we assume that a traveler departs from his/her origin (e.g., home) to the office everyday.
The practical travel times often fluctuate even with the same departure time due to the randomness
of the link travel times. To simultaneously capture the dynamic and randomness of transportation
networks, a physical network will be extended into a series of sample-based space-time networks, denoted
by Gs = (M s, Ns), s ∈ {1, 2, ..., S}, where s represents the index of different samples and S represents
the total number of samples. Corresponding to M and N in physical network, M s and Ns represent
the sets of space-time nodes and space-time links, respectively. Furthermore, M s can be described by
M s = {it|i ∈ M, t ∈ T }, in which it ∈ M
s means the state of node i at time stamp t. Similarly, Es
can be described by Ns = {(it, jt′ )|(i, j) ∈ N, t + a
s
ijt = t
′
, t0 ≤ t ≤ t
′
≤ t0 + Kδ}, where a
s
ijt is the
link travel time along link (i, j) with the departure time t over sample s. As the focus of this research
is to generate the reliable paths, a dummy destination node J
′
t0+Kδ
is added to each space-time network
to show the end of space-time path searching process. Accordingly, the dummy destination node J ′ and
dummy link (J, J ′) are also added to the physical network. In the literature, this type of space-time
network representation method has been effectively applied to a variety of research fields, such as traffic
network design (Liu and Zhou [21]), congested traffic flow assignment (Lu et al. [22]), the vehicle routing
problem (Mahmoudi and Zhou [23]), train scheduling problems (Yang et al. [39, 40]), etc.
In this paper, we use the sample-based approach to capture complex temporal and spatial travel time
corrections in a traffic network. Particularly, historical travel times over different days can be used to
construct samples. The travel time corrections can be contributed by physical bottlenecks and a number
of delay resources such as incidents, road construction, severe weather conditions and special events. If
there are more vehicles and possible delays, the historical link travel times can be more complex.
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An illustrative space-time network over one sample is shown in Fig.1, in which the x-axis displays
a planning time horizon and tn = t0 + nδ, n ∈ {0, 1, 2, ..., 5}. If we consider a total of S samples to
capture randomness in the modeling process, the physical network needs to be extended into S sample-
based space-time networks, and each space-time network has its own time-variant link travel times and
travel emissions. Particularly, if we suppose each sample of the space-time path has the same occurrence
probability, the probability of each space-time path is 1/S.
[place Fig. 1 about here]
In this figure, we consider a physical path from node I to node J . When we embed the time horizon
into this physical path, we can easily deduce a two-dimensional network associated with both spatial and
temporal characteristics. In this space-time network, each arc is related to both physical link and its
travel time (i.e., the entering and departure times along this link). As shown, timestamp Tˆ (i.e., t3) is
the predetermined time threshold to indicate the desirable paths. We take two space-time paths as an
illustration to show on-time arrival features. In detail, one path (marked by green color) departs from
the origin at t0 and arrives at the destination at t2, while the other one (marked by blue color) departs
from the origin at t1 and arrives at the destination at t4 (i.e., one time interval dwelling at initial node).
Typically, if a path arrives at any space-time node of the destination before Tˆ , this path should be a
on-time arrival path. With this concern, the space-time path with green color is a desirable path in the
process of decision-making. On the contrary, the blue space-time path should be undesirable due to its
late arriving time.
In this research, all the formulations of the eco-reliable path finding process are proposed on the basis
of the framework of the space-time network mentioned above. In practice, each link is actually related to
both travel time and emission. Then the space-time network with this two attributes will be discussed in
the following sections to generate the eco-reliable pathing guidance for the travelers. For the completeness
of this study, we first list all the symbols and parameters that can be used in the formulating process,
shown in Table 2.
[place Table 2 about here]
2.2 The most eco-reliable path
In this section, we intend to clearly state the problem of interest in our study. In the path finding
process, it is widely recognized that the traveler needs to consider two indexes to indicate the priorities
of the selected paths, i.e., path travel time and path emission. According to Rilett and Benedek [30] and
Nagurney [25], there possibly exists a confliction between the actual travel time and emissions because
the emission does not change monotonically with respect to average travel speed. Then, with the time-
variant and random characteristics in the physical network, how to find a desirable path turns out to be
a significant issue for the travelers.
Next, we propose the concept of eco-reliable path to well address the green path finding with the
restricted emission. In this definition, we first give an expected threshold by emission standards to indicate
the ecological path choice so as to reduce the CO2 emissions in the trip. The reliability refers to the
probability of on-time arrival at the destination with different random samples through pre-specifying an
on-time arrival threshold. Then in the formulation, the aim is to find a physical path with the maximized
on-time arrival probability under the constraints of emission restrictions. To clearly address this issue,
the following discussion gives an illustration to show how to produce the desirable eco-reliable paths in
the physical network.
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[place Fig. 2 about here]
In this illustration, we also consider a physical path with three nodes. To characterize the randomness
with respect to the link travel time, we here take four samples into the consideration with equal probability
(i.e., 0.25), where each sample corresponds to a set of time-dependent link travel times. Meanwhile,
we consider link emission constraint in this illustration. Because a vehicle’s emissions on one link are
influenced greatly by its travel time on this link, there is necessarily a corresponding amount of emissions
for each time-dependent link travel time. Accordingly, there is a quadratic function with respect to the
emission rate (gram/mile) and the average speed (Li et al. [19]). In this sense, link emissions also have
time-variant and stochastic characteristics deduced by the sample-based time-dependent link travel times,
and could be pre-given over each sample-based space-time arc in our study.
To evaluate this physical path, we first generate the least time space-time paths in different sample-
based space-time networks (marked by different colors, and the numbers represent the link emissions), in
which the desirable departure time is set as time 0, and a departure time window at original node can
be set as [0, 2]. Then we employ these pathing information to determine the feasibility and priority of
the considered physical path. Firstly, we calculate the expected emission on these adaptively generated
space-time paths. If this expected emission satisfies the requirements, then the physical path can be
regarded as a feasible solution to the original problem. However, if the expected emission threshold is set
as a relative small value, this physical path possibly violates this constraint, leading to its infeasibility.
For a given physical path, the objective can be defined as the on-time arrival probability over these
space-time paths, where the corresponding numerical characteristics are given in the following table.
[place Table 3 about here]
In Table 3, we calculate all the numerical characteristics of different space-time paths, including de-
parture time, path travel time, path emissions, etc. The on-time arrival threshold is set as 5. Then, the
corresponding on-time arrival probability and expected emission turn out to be 50% and 7 separately. If
the expected emission satisfies the constraints, this physical path should be a feasible path with the objec-
tive 50%; otherwise it is an infeasible path. Once a feasible physical path with the maximum probability
of arriving on time (AOT) is obtained, it is the optimal solution to the problem of interest.
2.2.1 The ecology of the most eco-reliable path
Usually, there are various emissions for gasoline-fueled passenger cars. For clarity, we give a common
ingredients of emissions, listed below (see https://www3.epa.gov/otaq/consumer/420f08024.pdf).
[place Table 4 about here]
These pollutants all have hazardous impacts on the environment. We can observe from Table 4
that the CO2 emission with the largest volume is the predominant emission obviously. Additionally,
the CO2 emission is the most concerning issue as it has direct consequences on the human health
(e.g., pollution) and indirect ones (e.g., climate change). The transportation sector accounts for about
31 percent of total U.S. CO2 emissions and 25 percent of total U.S. GHG emissions in 2014 (see
https://www.epa.gov/ghgemissions/overview-greenhouse-gases). Governments have mandated a lot of
regulations to reduce CO2 emissions, and the eco-reliable route choice problem considering CO2 emis-
sions can offer regulatory solutions to policymakers. Barth et al. [4] proposed approaches to estimate
the emissions of an individual vehicle under real driving conditions. These models are required to input
7
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detailed vehicle operating parameters, such as instantaneous speed, acceleration profile and engine power.
In reality, emissions of passenger vehicles are determined by several factors, such as vehicle type, model
years, average emission conditions (e.g., speed) and so on. An aggregated approach proposed by Yin
and Lawphongpanich [42] estimated average emission rates from these aggregated parameters, and was
widely used to estimate the impacts of emissions on route choice in various transport models for large
metropolitan areas. In this paper, we take link speeds as the predominant factor in decision making,
because they determine the time that a passenger vehicle traverses a link, and the rate of CO2 emis-
sions accordingly (see Li et al. [19]). Because it is difficult to estimate real-time emission conditions to
make routing decisions in advance as they fluctuate significantly, the motor vehicle emission simulator
(MOVES) based on the aggregated approach method is adopted in this paper to estimate passenger
vehicle emissions. Especially, the relationship between CO2 emission rates and average link speed can be
built after analysing the outputs of MOVES.
MOVES estimates emissions using a model based approach which utilizes two factors to affect emissions,
i.e., the emission source bin and the vehicle operating mode bin. The emission source bin classifies
emissions by vehicle characteristics, such as fuel type, engine type, model years, loaded weight, and
engine size. The operating mode bin referring to vehicle operating conditions classifies emissions by
second-by-second vehicle activities, called vehicle specific power (VSP), which is a measure to evaluate
the power demand of a vehicle under various modes and instantaneous speed changes, and differentiated
by average speed, road type and vehicle type. According to EPA [8], MOVES assigns two emission
rates for the combined emission source bin and the operating mode bin separately. Next, an overall
emission rate is produced by aggregated emission rates for each source-operating type. Once a matrix
of emission rates is generated for each source-operating type, we can also obtain a few correction factors
corresponding to emission rates to adjust the influence of temperature, air conditioning, and fuel effects.
After analyzing a matrix of emission rates by vehicle speed corresponding to each road type, vehicle type
and analysis year, the emission-speed relationship will be obtained in form of a quadratic function.
In the following, we give a detailed procedure of the working procedure, which is also displayed by a
flow chart in Fig. 3.
Step 1: Input a series of key parameters (e.g., vehicle type, fuel type, analysis year, etc.) about a specific
area into MOVES;
Step 2: Classify all the input activities into different bins, i.e., the emission source bin and the vehicle
operating mode bin;
Step 3: Produce an overall emission rate for each source-operating type;
Step 4: Obtain emission-speed relationship in form of a quadratic function by analysing a matrix of
emission rates and average vehicle speed.
[place Fig. 3 about here]
Next, we need specify the link distance lij to calculate the detailed link average speed vij and link
emissions eij with the given link travel time aij . Evidently, parameters aij and vij are in inverse pro-
portion, and a linear relationship approximately holds between eij and its unit distance emission rate
ye(vij) which is a quadratic function and can be calculated from above procedures. Typically, for each
given link travel time, we can also deduce its link emission through Eq. (1).
vij = lij ÷ aij , eij = lij × ye(vij) (1)
In this study, we adopt the sample-based time-dependent link travel times to capture the dynamics and
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randomness of the considered network. Thus, with the given emission rate function ye(v), the time-variant
and stochastic link emissions can also be easily calculated corresponding to the given link travel times.
Since this research aims to jointly consider both travel efficiency and ecology, in the following we
particularly handle the emission as a system constraint condition through embedding the expected value
operator. In detail, for the sample-based space-time paths along any given physical path, we first calculate
the expected emission on these space-time paths. Then, it is required that the expected path emission
should not exceed a predetermined emission threshold. In the sample-based space-time network, xsijt is
a binary variable indicating whether a time-dependent arc is selected or not. We define Etotal (unit:
kilograms CO2) as the expected emissions, calculated below, in which the probability of each sample is
supposed to be 1/S.
Etotal =
1
S
S∑
s=1
∑
(i,j)∈N
∑
t∈T
esijtx
s
ijt (2)
Then, the expected emission constraint can be formulated as follows:
Etotal ≤ E, (3)
where E is an emission threshold to denote the limit for total emissions of a physical path. Actually, to
offer a route guidance under the government policy, different countries have published their own vehicle
emission standards for various types of vehicles, e.g., passengers cars, light-duty trucks, heavy-duty
vehicles, heavy-duty engines and motorcycles. Total standard CO2 emissions of one travel activity can
be calculated by travel distance and emission with unit of kilograms CO2/mile. For notation simplicity,
Eq. (3) can be simplified as Eq. (4) since S is a constant.
S∑
s=1
∑
(i,j)∈N
∑
t∈T
esijtx
s
ijt ≤ S · E (4)
2.2.2 The reliability of the most eco-reliable path
This paper aims to provide a path that has the maximum probability of on-time arrival for route
guidance. To evaluate a physical path, we need to first generate the sample-based shortest paths over
different space-time networks. These information can be used to calculate the reliability of this physical
path according to Yang and Zhou [43]. To show this idea clearly, Fig. 4 is given as an illustration of
four shortest space-time paths which arrive at destination at t2, t4, t6 and t7, respectively. If the on-time
arrival threshold T̂ is assumed to be t5, the former two space-time paths are typically desirable, while
the other ones are undesirable paths.
To describe the reliability of eco-reliable paths, we denote Xs and T (Xs) as the sample-based space-
time path and its arrival time on sample s. The desirable space-time paths are obtained by comparing
their arrival time with the on-time arrival threshold T̂ , and Ψ is defined as the set of desirable space-time
paths corresponding to one physical path, where |Ψ| is the number of these paths. In detail, Eq. (5)
defined below enumerates all the desirable space-time paths.
Ψ = {Xs, s ∈ {1, 2, ..., S} | T (Xs) ≤ T̂} (5)
[place Fig. 4 about here]
Next, with the definition of Ψ, we can calculate the on-time arrival probability to show the reliability
degree of the corresponding physical path. Since this paper assumes the equal probability for each sample
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(i.e., Ps = 1/S), it is easy to calculate the on-time arrival probability by Eq. (6).
P (Ψ) = |Ψ|/S (6)
For instance, we totally produce four least time space-time paths over different samples in Fig. 5.
Since the on-time arrival threshold is T̂ = 5, we then deduce Ψ = {X1, X2}. Thus, the on-time arrival
probability of this physical path is 0.5.
This paper aims to find the most eco-reliable path in the considered network, the focus is to maximize
the on-time arrival probability over different physical paths with the given emission threshold. Equiv-
alently, maximizing the on-time arrival probability corresponds to the minimization of the late arrival
probability. Then with the set Ψ, we can compute the late arrival probability, which will be used as the
objective function in the modelling process. Specifically, we first consider the complementary set Ψc of
Ψ. Then, the late arrival probability can be calculated by Eq. (7).
P (Ψc) = 1− P (Ψ) = 1− |Ψ|/S = (S − |Ψ|)/S (7)
Clearly, the key point in calculating the late arrival probability is to compare the arrival time of each
sample-based path with the on-time arrival threshold. Note that all the generated space-time paths are
required to terminate at the dummy space-time node. Then, the arrival time at physical destination of
each path is actually the entering time of selected dummy link. In the modelling process, xs
JJ
′
t
is defined
as a binary decision variable of link (J, J
′
) on entering time t over sample s, in which J and J
′
are the
physical and dummy destination nodes. Thus, to calculate the late arrival probability, it is necessary to
consider the entering times of selected dummy space-time links after the time threshold T̂ (see Yang and
Zhou [43]). With this consideration, the objective function is formulated as follows.
minΓt =
1
S
S∑
s=1
∑
t>T̂
xs
JJ
′
t
(8)
For simplicity, we can further rewrite an equivalent formulation as follows since the input parameter
S is a constant, i.e.,
min Γt =
S∑
s=1
∑
t>T̂
xs
JJ
′
t
(9)
2.3 Mathematical model of the most eco-reliable path finding
The focus of this study is to generate a physical path on the given OD (origin-destination) pair such
that the reliability criterion is maximized. To simplify the notation, we only handle the path finding
over different sample-based space-time networks instead of directly over the physical network. A project
constraint from the space-time path to the unique physical path is particularly introduced to achieve
our goal. Thus, some additional system constraints should also be taken into consideration to formally
formulate the rigorous optimization model, including the space-time flow balance constraint, the
unique path constraint and the binary constraint. In detail, to guarantee that all the selected
space-time links can constitute a path from an origin (I, t0) to destination (J
′
, t0 + Kδ) in the space-
time network, the space-time flow balance constraint that balances incoming and outgoing flows is
formulated as follows.
∑
(it,j
t
′ )∈Ns
xsijt −
∑
(j
t
′ ,it)∈Ns
xs
jit
′ =

1, i = I, t = t0
−1, i = J
′
, t = t0 +Kδ, s ∈ {1, 2, ..., S}
0, otherwise
(10)
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In addition, in order to guarantee the uniqueness of the corresponding physical paths over different
samples, we here project each selected space-time arc to its physical link by summing all the corresponding
space-time arc selection indicators over the considered time horizon. Thus, we provide the following
unique path constraint through considering the projected relationship.∑
t∈T
xsijt =
∑
t∈T
xs
′
ijt, ∀(i, j) ∈ N, s, s
′ ∈ {1, 2, ..., S} (11)
To generate the optimal path in transportation networks though minimizing the late arrival proba-
bility over all samples, the integer programming model of the eco-reliable path finding problem can be
formulated as below. 
minΓt =
S∑
s=1
∑
t>T̂
xs
JJ
′
t
s.t.
constraints (4), (10), (11)
xsijt ∈ {0, 1}, ∀(i, j) ∈ N, s ∈ {1, 2, ..., S}, t ∈ T
(12)
In this model, the first constraint aims to control the total emission under the pre-specified emission
standards; the second constraint generates different space-time paths over individual samples; the third
constraint project the different space-time paths to a unique physical path. With the reliability repre-
sentation in the objective, this model aims to generate the most eco-reliable path over the considered
physical network.
3 Lagrangian relaxation-based solution approach
Since it is difficult to solve the model (12) due to several complex constraints, we need to design
an efficient method to deal with these hard constraints. Note that this model can be regarded as a
generalized shortest path problem with different side constraints which can be effectively solved by the
Lagrangian relaxation approach (For more details of Lagrangian, interested readers can refer to Fisher
[10, 12], Geoffrion [13], etc.). Thus, we aim to develop an efficient Lagrangian relaxation-based approach
to relax some hard constraints of this model, through which the dualized model can be decomposed into a
series of shortest path problems and simple sub-problems. The shortest path problems can be efficiently
solved by the label correcting algorithm (see Bertsekas [3]). In the solution process, the sub-gradient
method will be used to update the Lagrangian multipliers, and iteratively produce the tightest lower
bound and the near-optimal solutions to the original problem. The detailed procedure are detailed as
below.
3.1 Hard constraints relaxation
In this subsection, the efficient lower bound estimator should be developed by reformulating the model
(12). The space-time flow balance constraint (10) in the model is tractable with the label correcting
algorithm, and the other two constraints (4) and (11) are regarded as the hard constraints.
There are a total of S(S − 1)/2 equalities for each link in the hard constraint (11), and it is difficult
to relax this constraint into the objective function. Actually, the constraint (11) essentially equals to the
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following constraint.∑
t∈T
x1ijt =
∑
t∈T
x2ijt,
∑
t∈T
x2ijt =
∑
t∈T
x3ijt, ...,
∑
t∈T
xS−1ijt =
∑
t∈T
xSijt, ∀(i, j) ∈ N (13)
Next, the constraint (13) can be further equivalently reformulated into the following constraint accord-
ing to Yang and Zhou [38].∑
t∈T
xsijt − xij = 0, ∀(i, j) ∈ N, s ∈ {1, 2, ..., S} (14)
xij =
1
S
×
S∑
s=1
∑
t∈T
xsijt, ∀(i, j) ∈ N (15)
In the dulalized process of Lagrangian relaxation approach, a number |N | ∗ (S − 1) of Lagrangian
multipliers for constraint (13) should be introduced, while a number |N |∗(S+1) of Lagrangian multipliers
for constraint (14) and (15) should be considered. In addition, we can also relax the constraint (14) as
an inequality below according to Yang and Zhou [38].∑
t∈T
xsijt − xij ≤ 0, ∀(i, j) ∈ N, s ∈ {1, 2, ..., S} (16)
After reformulating the hard constraint (11) into constraints (15) and (16), these two side constraints
together with constraint (4) need to be relaxed into the objective function by introducing three sets of
multipliers, i.e., multipliers α ≥ 0 for constraint (4), multipliers βsij ≥ 0 for constraint (15) and multipliers
γij ∈ R for constraint (16), where (i, j) ∈ N, s ∈ {1, 2, ..., S}. To further explain the solution process
straightforwardly, Table 5 lists all symbols related to the Lagrangian relaxation-based approach.
[place Table 5 about here]
In the relaxation process, three hard constraints are dualized into the objective function with three
sets of Lagrangian multipliers firstly. To give a more clear overview of the model structure, we reorganize
the variables and symbols in the objective function, and the systematic formulations are given below:
min
S∑
s=1
∑
(i,j)∈N
∑
t∈T
gsijtx
s
ijt −
∑
(i,j)∈N
(
S∑
s=1
βsij + γij
)
xij − αS ·E
s.t.
constraint (10)
xsijt ∈ {0, 1}, ∀(i, j) ∈ N, s ∈ {1, 2, ..., S}, t ∈ T
xij ∈ [0, 1], ∀(i, j) ∈ N
(17)
in which gsijt denotes the generalized link cost defined as follows.
gsijt =
{
αesijt + β
s
ij + γij/S + 1, if i = J, j = J
′
and t > T̂
αesijt + β
s
ij + γij/S, otherwise
(18)
3.2 Model decomposition
According to Fisher [10], the optimal value of the relaxed model is a lower bound of the original
problem. To get the optimal objective in the relaxed model easily, we decompose the relaxed model with
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respect to different parts of the objective because no coupling constraints are among them. Consequently,
model (17) is finally decomposed into the following two types of sub-problems.
Sub-problem 1: Lx(α, β, γ, s) :
The first part of model (17) can also be easily separated into a total number S shortest path problems
with respect to S samples. For each space-time shortest path problem, the label setting/correting algo-
rithm can be employed to efficiently find its optimal solutions. The subproblem over sample s (denoted
by Lx(α, β, γ, s)) is formulated as follows.
Lx(α, β, γ, s) :

min
∑
(i,j)∈N
∑
t∈T
gsijtx
s
ijt
s.t. ∑
(it,j
t
′ )∈Ns
xsijt −
∑
(j
t
′ ,it)∈Ns
xs
jit
′ = bs
xsijt ∈ {0, 1}, ∀(i, j) ∈ N, t ∈ T
(19)
where bs = 1, if i = I, t = t0; = −1, if i = J
′
, t = t0 +Kδ; = 0, otherwise.
Sub-problem 2: The second sub-problem is related to the optimization with respect to decision
variable xij . Typically, this sub-problem is also separable according to individual links. Thus, the
optimal solution of this problem can be easily deduced. In detail, for each link (i, j) ∈ N , it is necessary
for us to calculate the following simple univariant linear programming denoted by Lx(β, γ, i, j).
Lx(β, γ, i, j) : max
{(
S∑
s=1
βsij + γij
)
xij : xij ∈ [0, 1]
}
(20)
As there is only one variable in this model, the optimal solution is closely dependent on the input
parameters βsij and γij . That is, the optimal solution x
∗
ij is given as below, i.e., = 1, if
∑S
s=1 β
s
ij+γij ≥ 0;
= 0, otherwise.
The rest part of the objective function in the relaxed model is denoted by L = αS · E. Then, for any
given Lagrangian multipliers (α, β, γ), the optimal value of the relaxed model can be easily calculated by
Eq.(21), which produces an effective lower bound to the original model.
L(α, β, γ) =
S∑
s=1
Lx(α, β, γ, s)−
∑
(i,j)∈N
Lx(β, γ, i, j)− L (21)
To get the tightest lower bound for the original problem, we need to solve the Lagrangian dual problem
which is formulated on the basis of the relaxed model, given below.
L∗(α, β, γ) = max
α≥0,β≥0,γ∈ℜ
L(α, β, γ) (22)
3.3 Solution algorithms
In this paper, we use the sub-gradient algorithm to solve the Lagrangian dual problem to generate
the tightest lower bound to the original problem, and the upper bound of the primal model will also be
updated iteratively to reduce the gap between the upper and lower bounds. Once the minimum gap is
found, the corresponding upper bound will be treated as a near-optimal objective.
Clearly, in solving the Lagrangian dual problem, we need to generate a total of S space-time paths by
model (19) for each (α, β, γ). If these space-time paths are projected into the physical network, we can
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finally generate a series of physical paths, which will be used to update the upper bounds. That is, if any
physical path is a feasible solution to the original problem, we then use it to update the upper bound.
In the following, we give a detailed procedure of the solution algorithm (see Table 4 for the meanings of
each notation), which is also displayed by a flow chart in Fig. 5.
Step 1. Initialization
Step 1.1 The iteration index in the searching process is set as d, and initialize d=0.
Step 1.2 The minimum upper bound of the original problem at iteration d is set as UBd, and initial-
ize UB0 as a sufficiently large number. Initialize Lagrangian multipliers vector (α0, β0, γ0) which are
randomly generated from a pre-specified range.
Step 2. Lower bounds
Step 2.1 Solve the model (19) over each sample by the label-correcting algorithm. When solving
the model (19) with the given Lagrangian multiplier vector (αd, βd, γd), we can obtain a series of S
solutions Xds . The objective value of model (19) in iteration d is defined as L
d
x(α, β, γ, s), and thus∑S
s=1 L
d
x(α, β, γ, s) can be obtained to calculate Eq. (21) .
Step 2.2 Calculate the model (20) and the constant L with given Lagrangian multipliers (αd, βd, γd).
The objective value of model (20) and the constant L in iteration d are denoted as Ldx(β, γ) and L
d,
separately.
Step 2.3 Obtain the objective value of model (21) in iteration d denoted by Ld(α, β, γ) with objective
values of Ld and two subproblems, i.e., Ldx(α, β, γ) and L
d
x(β, γ).
Step 2.4 Denote the lower bound in iteration d as LBd which equals to the objective value L∗d(α, β, γ)
of the Lagrangian dual model (22).
Step 3. Upper bounds
Step 3.1 Transform solution Xds over each sample into its corresponding physical path X
d. If the
physical path Xd satisfies all the side constraints in original model (12), it is a feasible solution for the
original problem. Otherwise, the physical path is infeasible for the original problem.
Step 3.2 The upper bound UBds represents the feasible physical path’s probability of late arrival in
iteration d. As for the infeasible solution, UBds will be set as UB
d
s = S + 1.
Step 3.3 Let UBd be the minimum upper bound of the original problem and update UBd by Eq. (23).
UBd = min{ min
s∈{1,2,...,S}
UBds , UB
d−1}. (23)
Step 4. Compute the gap
Compute the gap between LBd and UBd by Gap = UBd−LBd. If iteration index d is greater than the
predetermined maximum iteration number or the Gap is less than the predetermined value, algorithms
will be terminated. Otherwise, go to step 5.
Step 5. Update the Lagrangian multipliers
The Lagrangian multiplier vector in iteration d is denoted as (αd, βd, γd), and the optimal solution
obtained by solving model (19) and (20) in iteration d is denoted as xs,dijt and x
d
ij , (i, j) ∈ N, s ∈ {1, 2, ..., S}.
In next iteration d+1, the Lagrangian multiplier vector for each (i, j) ∈ N, s ∈ {1, 2, ..., S} will be updated
along the sub-gradient directions by Eqs. (24)-(26).
αd+1 = αd + θd
 S∑
s=1
∑
(i,j)∈N
∑
t∈T
esijtx
s,d
ijt − S · E
 (24)
βs,d+1ij = β
s,d
ij + θ
d
(∑
t∈T
xs,dijt − x
d
ij
)
(25)
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γd+1ij = γ
d
ij + θ
d
(
1
S
×
S∑
s=1
∑
t∈T
xs,dijt − x
d
ij
)
(26)
The step size θd in above equations is determined by Eq. (27), which adjust the Lagrangian multipliers
together with sub-gradient directions. According to Fisher M.L.[12], this speeding up method is quite
mature and practical in optimization process.
θd =
ζd
(
UBd − L(αd, βd, γd)
)
f(xs,dijt , x
d
ij)
(27)
In the step size equation (27), ζd is set as a scalar in range of [0, 2], and parameter f(xs,dijt , x
s
ij) given
below is related to sub-gradient directions of the Lagrangian multiplier vector (αd, βd, γd).
f(xs,dijt , x
s
ij) =
 S∑
s=1
∑
(i,j)∈N
∑
t∈T
esijtx
s,d
ijt − S · E
2 + S∑
s=1
∑
(i,j)∈N
(∑
t∈T
xs,dijt − x
d
ij
)2
+
∑
(i,j)∈N
(
1
S
×
S∑
s=1
∑
t∈T
xs,dijt − x
d
ij
)2
1
2
Then, update iteration index d = d+ 1, and go to step 2.
[place Fig. 5 about here]
In addition, note that in each iteration, model (19) should be solved by label correcting algorithms
with the updated Lagrangian multipliers. Because we do not restrict the value of γij , it is possible
for the generalized cost gsijt in model (19) to be negative values. In the label correcting algorithm,
problems about endless cycles may happen with the negative generalized cost and the final generated
time-dependent shortest path may also contain loops. Thus, the newly updated Lagrangian multipliers
are suggested to be confined by the following condition based on the non-negativity of the generalized
cost.
gsijt =
{
αesijt + β
s
ij + γij/S + 1 ≥ 0, if i = J, j = J
′
and t > T̂
αesijt + β
s
ij + γij/S ≥ 0, otherwise
(28)
Through this treatment, it is expected to cancel the negative cycles in the path searching process.
4 Numerical experiments
To test the performance of the proposed approaches in this paper, this section particularly takes three
networks into the consideration as the experimental environments, including an illustrative network, Sioux
Falls network and West Jordan network (Salt Lake City Metropolitan Area). The algorithm encoded in
the Visual Studio 2010 platform is implemented on a personal computer with Windows 7.0 platform, 2.30
GHz Central Processing Unit (CPU) and 4 Gigabyte (GB) memory. The sample-based time-variant link
travel times are generated randomly based on the road distance and speed limits in these transportation
networks, after which the average speeds are calculated according to the equation (1). With emission
rates obtained by average speeds and emission-speed quadratic functions by Li et al. [19], we calculate
the sample-based time-variant link emissions corresponding to their emission rates and link distance. In
the implementations, time thresholds are selected randomly within time horizon, and emission thresholds
are set by calculating link length and CO2 emission standards referred from EPA.
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4.1 Illustrative Network
In this example, we first consider a simplified three-node transportation network to test the proposed
algorithm. In the implementation, the considered time horizon is set as 6 minutes which are separated
by a 0.1-min interval, and then total number of considered time intervals is 60. The data needed in this
small test are sample-based time-variant travel times and emissions which are randomly pre-generated.
[place Fig. 6 about here]
In this tiny acyclic transportation network, we set node 1 and node 3 as the origin node and destination
node, respectively. Obviously, there exist only two paths in this OD pair, i.e., 1 → 2 → 3 and 1 → 3.
Table 6 enumerates all the total travel times and emissions of space-time paths over 10 samples.
With the given time threshold and average emission threshold, the optimal results of the eco-reliable
path in this three-node network can be calculated trivially by the enumeration method (see Table 6).
In this experiment, the time threshold and average emission threshold are set as 3.1 minutes and 2.6
kilograms CO2, respectively. We first compute the shortest space-time path on different samples with the
least total travel time, and then determine the feasible solution to the original problem through comparing
the expected emission and its threshold. In detail, it follows from Table 6 that the paths 1→ 2→ 3 and
1→ 3 have four and five the least time space-time paths which are later than the time threshold. At the
same time, only the average emission on path 1 → 2→ 3 is less than average emission threshold. Thus,
the most eco-reliable physical path in this time-variant and stochastic three-node network turns out to
be 1→ 2→ 3.
[place Table 6 about here]
Next, we aim to use the Lagrangian relaxation approaches to solve this simple example to demonstrate
the effectiveness of the proposed algorithm. In this process, we firstly find a relatively good initial
Lagrangian multipliers at the beginning of the searching algorithm. In detail, we first generated a sets
of Lagrangian multipliers in interval [-5, 5]. Then, for each Lagrangian multipliers vector in this set, we
generate the lower and upper bounds with one iteration. The Lagrangian multipliers corresponding to the
least gap in this set can be regarded as the initial multipliers. In addition, considering the characteristics
of the proposed model, we need to generate 30 multipliers associated with unique path constraints, 3
multipliers associated with mean selection constraints and 1 multiplier for total emission constraints.
In the searching process, the Lagrangian multipliers will be updated by the sub-gradient method in
each iteration, in which the lower and upper bounds can also be updated iteratively. In order to show the
solution characteristics, we give Table 7 to list all the lower bounds, upper bounds and gaps (i.e., Gap)
in different iterations. Clearly, with the increase of iterations, gaps between the lower and upper bounds
decrease drastically. In the first iteration, the returned gap is a relatively large value (i.e., 5.199), and up
to iteration 11, the gap can be reduced to almost zero, demonstrating the effectiveness of the designed
algorithm. For a straightforward view, Fig. 7 gives the variation tendency curves of the lower and upper
bounds in different iterations. In this figure, it is clear that the upper and lower bounds can merge with
each other gradually in the first eleven iterations. Since the objective function of the original model
takes integer value, the exact optimal solution is actually generated at the end of the algorithm. The
most eco-reliable path turns out to be 1→ 2→ 3, which just coincides with the results by enumeration
methods.
[place Table 7 about here]
[place Fig. 7 about here]
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4.2 Sioux Falls network
To further demonstrate the effectiveness of the proposed approach, we here consider a medium-scale
transportation network as the experiment environment in Fig. 8, i.e., Sioux Falls network with 24 nodes
and 76 links, which has been used in the literature for testing different path finding models, e.g., Li et al.
[19], and Yang and Zhou [38]. To characterize the dynamics of link travel times, one hour time horizon
is taken into consideration and discretized into a total of 120 time intervals by a 0.5-min time interval.
For each OD pair with its specific time threshold and emission threshold, we should consider a total
of 837 Lagrangian multipliers, including 760 Lagrangian multipliers with respect to βdij , 76 Lagrangian
multipliers with respect to γij and one Lagrangian multiplier with respect to α. In addition, for each
sample, we use the following procedure to generate the dynamic link travel time data and emission data.
Step 1: Input related data (i.e., link distance and speed limit) of the tested network;
Step 2: We compute the least link travel time with link distance and speed limit, which serves as the
seeds for generating sample-based dynamic link travel times. Then, we generate the link emission rate
with the speed limit, and produce the basic link emission;
Step 3: For each sample and timestamp, generate time-variant travel times and emissions through
multiplying the above travel times and emissions by a random number, respectively, where the random
numbers is generated in interval [0.8, 1.5].
[place Fig. 8 about here]
(1) Tests with different OD pairs. Next, we first test the algorithm with the randomly generated
OD pairs. In detail, we consider a total of four OD pairs as the experimental cases with the same
emission standards to find the most eco-reliable path for each OD pair. As shown in Table 8, for each OD
pair, we set its corresponding time threshold and emission threshold according to the driver’s desirability
and emission standards with respect to the path distance. Typically, in this set of experiments, all the
generated lower bounds can converge to their individual upper bounds gradually with the relative small
gaps (less than 0.005). In this case, each test can output the exact optimal solution in the searching
process, demonstrating the effectiveness of the designed algorithm.
Likewise, Fig. 9 also shows the variant tendency curves of the returned gaps in the solution process
for different OD pairs. In the updating process, the gap of each OD pair is relative large with the initial
Lagrangian multipliers. With the update process of Lagrangian multipliers in the sub-gradient method,
all the gaps between the lower and upper bounds decease gradually. Although the decreasing curves
of gaps over these OD pairs are distinctive, the gap curves can converge to the x-coordinate within 20
iterations. In a word, the proposed algorithm in this paper can find the exact eco-reliable paths effectively
and efficiently.
[place Table 8 about here]
[place Fig. 9 about here]
(2) Tests with different emission thresholds. Next, we investigate how the emission thresholds
affect the finding of optimal solutions. In detail, we shall give a series of numerical experiments with
different emission thresholds based on the standard emissions, and meanwhile the time thresholds are
kept invariant. To test the effectiveness of the proposed approaches in the experiments, two OD pairs
are adopted randomly in Sioux Falls transportation network, namely 3→ 18 and 1→ 19.
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Table 9 lists the corresponding experimental results for OD pair 3→ 18, in which the emission thresh-
olds are changed from 24.0 to 26.0 kilograms CO2 with 0.5-kilogram CO2 increment in each case, while
the time thresholds are kept as 31.0 minutes in all the tests. Likewise, we also give the experimental
results for OD pair 1 → 19 in Table 10, where the emission thresholds are set in interval [35.0, 37.0]
(unit: kilograms CO2). Clearly, in this two cases, the final gaps are all less than 0.005 despite of adopting
different emission thresholds, and there are even no gaps for some tests. Thus, the quality of the optimal
solutions is not much sensitive to emission thresholds in the experiments. Practically, different emission
thresholds can in essence reflect various vehicle emission standards. Thus, newly updated emission stan-
dards or emission standards in different countries can still work well in this proposed model to give a
high-quality route guidance. In order to reduce CO2 emissions, governments usually mandate tighter and
more aggressive emission standards. To this end, the policymakers can make the reasonable CO2 emission
standard potentially based on the sensitivity analysis with respect to emission thresholds in eco-reliable
path finding model.
[place Table 9 about here]
[place Table 10 about here]
(3) Tests with different time thresholds. In the following, we are also interested in investigating
the influence of time thresholds on the final gaps produced by the algorithm. For this purpose, we still
use OD pairs 3 → 18 and 1 → 19 as the experimental input data. In this set of experiments, the
emission thresholds are required to be invariant, while the time thresholds are changed within a range to
test the sensitivity. Tables 11 and 12 are given to show the detailed computational results by adopting
different parameters. Obviously, all the gaps in Tables 11 and 12 are below 0.003, even equal to zero,
demonstrating the effectiveness of the proposed approaches.
On the other hand, the time thresholds can affect the eco-reliable path finding process more directly
in comparison with emission thresholds. It can be seen in Tables 11 and 12 that the final lower and
upper bounds are more sensitive with respect to the time thresholds, since different parameters can lead
to diverse bound values. However, we note that the final quality of the solutions is also insensitive to the
time thresholds because all the tests have extremely small gaps which are close to zero. Actually, the
time thresholds are determined by travelers expectations, i.e., their reasonable expected arriving time.
Even for the similar trips with the same OD pair, different travellers have their specific expected arriving
time for various demands. The insensitive results about time thresholds imply that this eco-reliable path
finding model can satisfy travelers elastic demands about arriving time to generate eco-reliable route
guidance.
[place Table 11 about here]
[place Table 12 about here]
4.3 West Jordan network
To further show the performance of the proposed approaches, this section intends to implement a
series of numerical experiments by using the node-link structure of West Jordan network (Salt Lake City
Metropolitan Area) with 144 nodes and 354 links. In this test, we use a total of ten samples to capture
the randomness of the network. Due to the short length of links in West Jordan network, the considered
time horizon is set as 13 minutes which is descritized by a 0.1-min time interval, leading to 130 intervals
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in the input data. The sample-based time-variant link travel times and emissions are generated by the
similar procedure in section 4.2.
In this set of experiments, we randomly select five OD pairs with different time thresholds and emission
thresholds to test the effectiveness of algorithms. The relevant computational results are shown in Table
13. It follows from the computational results that the gaps of different OD pairs are all close to zero, which
indicates performance of the algorithm in finding the most eco-reliable path. Thus, the most eco-reliable
model with the Lagrangian relaxation-based approach can provide the close-to-optimal solutions even in
the large transportation network. As shown in Table 13, O1D1, O2D2, O3D3, O4D4, O5D5 represent
five tested OD pairs, i.e., 5436 → 11129, 11125 → 5592, 5113 → 11507, 1296 → 11489, 5018 → 10857,
respectively. For clarity, we also use different colors to identify the OD pairs based optimal paths obtained
by our proposed approaches in Fig.10.
[place Fig. 10 about here]
[place Table 13 about here]
5 Conclusions and future research
To formulate the reliability and ecology of the path finding problem in time-variant and stochastic
transportation networks, this paper proposed a new definition of the most eco-reliable path which can
arrive at the destination on time and meet emission standards potentially imposed by government regu-
lators. To characterize the dynamics and randomness in the network, we discretized the considered time
horizon to capture the dynamics of the link travel times and emissions, and we used different samples to
describe the inherent randomness. With the given dynamic and stochastic travel times and emissions,
we formulated an integer programming model for finding the most eco-reliable path, in which the ob-
jective function aims to measure the on-time arrival probability and the emission threshold is given to
restrict the emissions. To effectively solve the proposed model, a Lagrangian relaxation based algorith-
mic framework was proposed to find the near-optimal solutions. In detail, some hard constraints were
first dualized into the objective functions through introducing a series of Lagrangian parameters. Then
the relaxed model was decomposed into different simple sub-problems, which can be easily handled by
the existing algorithm. A sub-gradient algorithm was adopted to iteratively reduce the gaps between
the lower and upper bounds. The results of these numerical experiments, above all the experiments in
real transportation networks (i.e., the Sioux Falls network and the West Jordan network (Salt Lake City
Metropolitan Area)), demonstrate that the proposed approach can generate high-quality solutions with
small gaps, which can typically provide travelers with eco-reliable route guidance.
In this paper, we discussed the CO2 emission reductions in individual trips and proposed a new def-
inition of the most eco-reliable path which can arrive at the destination on time and meet emission
standards. Practically, we can use the real-world detected data in the decision-making problem, i.e., the
eco-reliable path finding model, and obtain high-quality solutions. After analyzing results in numerical
experiments, it shows that this eco-reliable path finding model can satisfy the demands of both travelers
and government regulators. According to the eco-reliable path finding model, effective emission policies
about in-use vehicles can be expectedly made and implemented in intelligent transportation systems.
Therefore, this model is suitable to support the further development in real applications.
Further research of the most eco-reliable path finding can be focused on the following three aspects. (1)
This study only investigates the methods for generating the a priori path with the guaranteed reliability
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and restricted emissions. In more complex cases, how to embed the adaptive strategy into the path finding
process so as to produce the adaptively generated eco-reliable path can be a new topic in our further
study. (2) For many large-scale problems, we still need to explore more efficient searching algorithms as
the sub-gradient algorithm is not stable sufficiently in some cases. Then, designing hybrid algorithms
with other searching strategies (e.g., branch and bound algorithm, heuristics, etc.) is also an interesting
research topic. (3)To find the eco-reliable path, we just consider CO2 emissions in this paper. Energy
consumption should also be taken into consideration in the future research.
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Table 1: The main features of different studies
Features Bektas and Laporte [5] Nie and Wu [27] Li et al. [19] This paper
Random and Random link Random link Random and dynamic
dynamic No travel times travel times and link travel times
characteristics emissions and emissions
Consideration No Yes Yes Yes
of Reliability
Emissions Cost of emissions No Monetary cost Expected emission
of emissions constraint
Objective Total cost of fuel On-time Weighted combination Late arrival
function consumption, emissions arrival of travel time, fuel probability
and paid to drivers probability and emissions
Solution CPLEX Label CPLEX Label-correcting
method correcting algorithm, sub-
algorithm gradient algorithm
Table 2: Parameters and decisions variables used in formulation
Notations Definition
M = Set of physical nodes
N = Set of physical links
i, j = Indexes of physical nodes, i, j ∈M
(i, j) = Index of directed physical link between adjacent nodes i and j, (i, j) ∈ N
T = The considered time period, T = {t0, t0 + δ, t0 + 2δ, ..., t0 +Kδ}
Tˆ = Time threshold to indicate on-time arrival
s = Index of samples, s ∈ {1, 2, ..., S}
S = Total number of samples
Ps = Probability of sample s, s ∈ {1, 2, ..., S}
asijt = Travel time on link (i, j) at entering time t on sample s
esijt = Travel CO2 emission on link (i, j) at entering time t on sample s
xsijt = 1 if traffic link (i, j) is used at entering time t on sample s; = 0 otherwise
xs
JJ
′
t
= 1 if dummy traffic link (J, J
′
) is used at entering time t on sample s; = 0 otherwise
Γt = Probability of late arrival
Etotal = Expected vehicle emissions on the selected path
E = Expected emission threshold
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Table 3: Total travel times and emissions over different samples
Sample Departure time Total travel time Arrival time Time threshold Total emission
S1 0 2 2 5 6
S2 1 3 4 5 7
S3 1 5 6 5 7
S4 2 5 7 5 8
AOT Probability 50%
Average emission 7
Table 4: Average emissions for passenger cars from EPA
Pollutant Emission Rates (per mile driven) Annual Emission
Volatile organic compounds (VOC) 1.034 grams (g) 27.33 pound (lb)
Total hydrocarbons (THC) 1.077 g 28.47 lb
Carbon monoxide (CO) 9.400 g 248.46 lb
Nitrogen oxides (NOX) 0.693 g 18.32 lb
Particulate matter under 10
0.0044 g 0.12 lb
microns Diameter (PM10)
Particulate matter under 2.5
0.0041 g 0.11 lb
microns Diameter (PM2.5)
Carbon dioxide (CO2) 368.4 g 9737.44 lb
26
M
A
N
U
S
C
R
IP
T
 
A
C
C
E
P
T
E
D
ACCEPTED MANUSCRIPT
 
 
 
 
Table 5: Symbols used in the Lagrangian relaxation algorithm
Symbols Definition
α = Lagrangian multipliers corresponding to constraint (3)
βsij = Lagrangian multipliers corresponding to constraint (16)
γij = Lagrangian multipliers corresponding to constraint (15)
d = Iteration index
(αd, βd, γd) = Vectors of Lagrangian multipliers in iteration d
Ldx(α, β, γ, s) = The objective value of subproblem 1 in iteration d
Ldx(β, γ, i, j) = The objective value of subproblem 2 in iteration d
Ld = The value of L in iteration d
Ld(α, β, γ) = The objective value of the relaxed model in iteration d
L∗d(α, β, γ) = The objective value of the Lagrangian dual problem in iteration d
UBds = Upper bound in iteration d on sample s
UBd = The minimum upper bound of the original problem in iteration d
LBd = Lower bound in iteration d
θd = Step size in iteration d
Xds = Vectors of the lower bound solution in iteration d on sample s
Xd = Vector of physical path in iteration d
Table 6: Total travel time and total emission of two paths over 10 samples
1→ 2→ 3 s=1 s=2 s=3 s=4 s=5 s=6 s=7 s=8 s=9 s=10
Total travel time 3.3 2.8 3.1 2.8 3.5 3.2 3.0 3.9 2.5 2.9
Total emission 2.7 2.3 2.6 2.3 2.9 2.6 2.5 3.3 2.1 2.5
Average emission 2.58
1→ 3 s=1 s=2 s=3 s=4 s=5 s=6 s=7 s=8 s=9 s=10
Total travel time 3.3 3.0 3.2 4.1 2.7 3.3 2.8 2.9 2.8 3.4
Total emission 2.8 2.5 2.6 3.5 2.2 2.8 2.3 2.4 2.3 2.8
Average emission 2.62
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Table 7: Computational Results by the Lagrangian relaxation approach
Iteration Lower Bound Upper Bound Gap (Gap= Upper Bound - Lower Bound)
1 -1.199 4 5.199
2 0.886 4 3.114
3 0.886 4 3.114
4 1.141 4 2.859
5 1.218 4 2.782
6 1.372 4 2.628
7 2.723 4 1.277
8 3.090 4 0.910
9 3.109 4 0.891
10 3.470 4 0.530
11 3.998 4 0.002
Optimal Route: 1→ 2→ 3
Table 8: Results for the Sioux Falls transportation networks with different OD pairs
Origin Destination
Time Emission Lower Upper Gap
Optimal PathThreshold Threshold Bound Bound (Gap= Upper
(minutes) (kilograms CO2) Bound - Lower Bound)
1 19 41 36 1.000 1 0.000
1→ 2→ 6→ 8
→ 16→ 17→ 19
2 13 32 24 1.996 2 0.004
2→ 1→ 3→ 12
→ 13
3 18 31 25 1.997 2 0.003
3→ 4→ 5→ 6
→ 8→ 7→ 18
3 20 35 27 2.997 3 0.003
3→ 12→ 13→ 24
→ 21→ 20
Table 9: Results with different emission thresholds for OD pair 3→ 18
Time Threshold Emission Threshold Lower Upper Gap
(minutes) (kilograms CO2) Bound Bound (Gap= Upper Bound - Lower Bound)
31.0 24.0 1.997 2 0.003
31.0 24.5 1.997 2 0.003
31.0 25.0 1.998 2 0.002
31.0 25.5 1.997 2 0.003
31.0 26.0 1.997 2 0.003
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Table 10: Results with different emission thresholds for OD pair 1→ 19
Time Threshold Emission Threshold Lower Upper Gap
(minutes) (kilograms CO2) Bound Bound (Gap= Upper Bound - Lower Bound)
41.0 35.0 1.000 1 0.000
41.0 35.5 1.000 1 0.000
41.0 36.0 1.000 1 0.000
41.0 36.5 1.000 1 0.000
41.0 37.0 1.000 1 0.000
Table 11: Results with different time thresholds for OD pair 3→ 18
Time Threshold Emission Threshold Lower Upper Gap
(minutes) (kilograms CO2) Bound Bound (Gap= Upper Bound - Lower Bound)
30.0 25.0 2.999 3 0.001
30.5 25.0 2.999 3 0.001
31.0 25.0 1.998 2 0.002
31.5 25.0 1.997 2 0.003
32.0 25.0 0.997 1 0.003
Table 12: Results with different time thresholds for OD pair 1→ 19
Time Threshold Emission Threshold Lower Upper Gap
(minutes) (kilograms CO2) Bound Bound (Gap= Upper Bound - Lower Bound)
40.0 36.0 2.999 3 0.001
40.5 36.0 2.999 3 0.001
41.0 36.0 1.000 1 0.000
41.5 36.0 1.000 1 0.000
42.0 36.0 -0.001 0 0.001
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Table 13: Results for the Salk Lake City transportation network with different OD pairs
Origin Destination
Time Emission Lower Upper Gap
Optimal RouteThreshold Threshold Bound Bound Gap= Upper Bound
(minutes) (kilograms CO2) - Lower Bound
5436 (O1) 11129 (D1) 3.9 3.5 2.000 2 0.000
5436→ 11125→ 5440→ 11127→
11126→ 5441→ 5861→ 10872
→ 5030→ 4958→ 1299→ 11129
11125 (O2) 5592 (D2) 5.0 4.5 3.000 3 0.000
11125→ 1289→ 11124→ 5022→
11147→ 5820→ 5103→ 11161
→ 5114→ 5592
5113 (O3) 11507 (D3) 6.7 6.0 2.999 3 0.001
5113→ 11160→ 5112→ 11172→
1353→ 11173→ 5219→ 1355→
11183→ 5215→ 5588→ 1357
→ 5174→ 5868→ 5216→ 11507
1296 (O4) 11489 (D4) 4.7 4.2 2.000 2 0.000
1296→ 5240→ 5009→ 5027→
11150→ 5109→ 4804→ 5106
→ 5117→ 1358→ 3002→ 3001
→ 8172→ 11489
5018(O5) 10857 (D5) 7.8 7.0 -0.001 0 0.001
5018→ 1289→ 11124→ 5022→
11147→ 5820→ 5103→ 11161
→ 5114→ 11173→ 5219→ 1355
→ 11183→ 5215→ 6255→ 10857
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Fig.1. An illustration of space-time network and on-time arrival
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Fig.2. An illustration of evaluating a path with eco-reliable index
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Fig.3. Flow chart for emission estimation
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Fig.4. An illustration for calculating on-time arrival probability
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Fig.5. Flow chart of the solution methodology
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Fig.6. Simplified three-node network
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Fig.7. Variation tendency of upper and lower bounds in the searching process
34
M
A
N
U
S
C
R
IP
T
 
A
C
C
E
P
T
E
D
ACCEPTED MANUSCRIPT
 
 
 
 
1
8
2
3
12
20
5
11
4
21
6
17
19
24
16
13
9
23
15
10
7
14
22
18
Fig.8. Sioux Falls network
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Fig.9. Variation tendency of gaps in Sioux Falls network
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Fig.10. West Jordan network (Salt Lake City Metropolitan Area)
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Highlights 
(1) The most eco-reliable path is defined in time-variant and stochastic networks. 
(2) The model is developed with on-time arrival probability and emission constraints. 
(3) The sub-gradient and label correcting algorithm are integrated to solve the model. 
(4) Numerical experiments demonstrate the effectiveness of developed approaches. 
